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 The rapid growth of digital payment systems has heightened the 

need for accurate and scalable methods to detect credit card fraud. 

This study evaluates a range of machine learning and deep learning 

algorithms, including Logistic Regression, Decision Tree, Random 

Forest, K-Nearest Neighbors (KNN), XGBoost, Convolutional 

Neural Networks (CNN), Baseline MLP (Multi-Layer Perceptron), 

and Long Short-Term Memory (LSTM), to identify effective 

approaches for detecting fraudulent transactions. Based on 

comparative analysis, Random Forest and LSTM achieved the 

strongest individual performance, with accuracies exceeding 96%. 

Building on these findings, a stacking ensemble model was 

constructed by integrating Random Forest and LSTM as base 

learners and Logistic Regression as the meta-classifier. The 

framework incorporates Convolutional Autoencoder (CAE) for 

feature extraction and Random Undersampling (RUS) with three 

resampling ratios (1:1, 1:5, and 1:10) to address class imbalance. 

Experimental results indicated that the ensemble model provided 

improved predictive accuracy compared to individual algorithms, 

achieving an accuracy of 99.98%, a precision of 99.86%, and a recall 

of 99.89% under a 1:10 resampling ratio. Rather than proposing a 

new algorithmic architecture, this study contributes to a systematic 

and unified evaluation of widely used ML and DL approaches and 

demonstrates the effectiveness of integrating CAE, RUS, and a 

Random Forest–LSTM stacking ensemble in enhancing fraud 

detection performance. 
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Introduction 

The primary function of a control chart is to help management detect process variations. The 

control chart scheme is known as fixed ratio sampling (FRS) when fixed sample sizes are 

obtained at fixed sampling intervals from the process. On the other hand, adaptive schemes that 

are practical tools for statistically monitoring the quality of products and processes can change 

dynamically over time, depending on the control chart statistic at each sampling instance 

(Saghir et al., 2023).  

A control scheme can be designed from statistical, economic, or statistical-economic 

perspectives. The statistical view focuses on the chart's statistical performance. The financial 

view focuses on the economic impacts that a control scheme may have on the production of 

nonconforming items. However, the simultaneous implementation of economic and statistical 

perspectives helps a control scheme benefit from both criteria. 

Researchers introduced adaptive control charts to enhance the performance of control 

schemes further. According to the literature, adaptive control schemes outperform FRS control 

schemes in terms of statistical and economic criteria due to the additional flexibility of the 

design parameters (Tang et al., 2019). 

A control chart with adaptive sampling intervals was first introduced by Reynolds et al. 

(1988). In adaptive control charts, design parameters are allowed to vary depending on the value 

of the sample statistic. Four common types of adaptive schemes are widely discussed in the 

literature. These schemes are the variable sampling interval (VSI), variable sample size (VSS), 

variable sample size and sampling interval (VSSI), and variable parameters (VP) schemes. In 

the VSI scheme, the sampling interval for the following sample would be one of the two 

possible values (short or long sampling interval) based on the current position of the statistic 

plotted on the chart. In the VSS scheme, one can vary the size of the following sample 

depending on the current position of the chart's statistics. The VSSI scheme combines the VSS 

and VSI features into a single chart, which allows both the sample size and the sampling interval 

to vary. The VP scheme uses a full adaptive (FA) policy, which varies all design parameters 

when implementing the control chart (Ketabi and Khoo, 2021). 

Considering that the primary focus of this paper is on VSSI-type adaptive schemes, a 

review of some studies in this field is mentioned. Khaw et al. (2017) proposed a coefficient of 

variation chart utilizing the VSSI feature to enhance the performance of the basic coefficient of 

variation chart, thereby facilitating the detection of small and moderate shifts in the coefficient 

of variation. Cheng and Wang (2018) presented a VSSI median control chart with estimated 

parameters in the presence of measurement errors for a normal process. A VSSI control chart 

using auxiliary information is proposed by Saha et al. (2019) for efficiently monitoring the 

process mean. Khoo et al. (2019) proposed an upper-sided improved VSSIt S chart by 

improving the existing upper-sided VSSI S chart through the inclusion of an additional 

sampling interval. A one-sided Downward control chart for monitoring the multivariate 

coefficient of variation with VSSI Strategy considered by Chew and Khaw (2020). Yeong et al. 

(2024) improved the sensitivity of the existing run sum chart for shifts in the coefficient of 

variation by proposing two types of adaptive schemes, i.e., the VSSI and VP schemes. An 

improved variable parameter mean square error control chart is proposed by Chen (2023), 

which utilizes three different sampling intervals, two different sample sizes, and two different 

control limits. 

In practice, when implementing a control chart, three design parameters need to be 

determined in advance: the sample size (n), the sampling interval between successive samples 

(h), and the control limits' coefficient (k). Thus, designing a control chart involves selecting 

these parameters. There are three approaches in the literature for designing a control chart: 

statistical design, economic design, and economic statistical design (Rafiei and Asadzadeh, 
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2022). Duncan (1956) proposed the first economic design model to determine control chart 

parameters in the presence of an assignable cause, aiming to minimize the average cost. Another 

popular model was developed by Lorenzen and Vance (1986), which offers greater flexibility 

than Duncan's model. 

To improve the statistical properties of an economically designed control chart, Saniga 

(1989) added Type I and Type II errors as constraints to Duncan's model. His study laid the 

foundation for another approach to designing control charts, known as the economic statistical 

design. (Ketabi et al., 2017) investigated the economic and economic statistical designs of the 

SVSSI T2 charts and utilized the Markov chain approach to develop the cost model proposed 

by Costa and Rahim. Ghanaatiyan et al. (2017) proposed a multi-objective model for the 

economic-statistical design of the VSSI multivariate EWMA control chart by using double 

warning lines. Chew et al. (2022) investigated the economic and economic-statistical 

performances of the VSSI coefficient of variation chart. Mirabi et al. (2021) considered the 

economic-statistical design of the VSSI X-bar control chart with multiple assignable causes. 

Ketabi and Khoo (2021) developed an economic statistical model for the VSSI multivariate T2 

control chart. To improve the monitoring efficiency of the multivariable autocorrelation process 

and reduce the cost of process control, Xue et al. (2025) proposed an economic statistical design 

method for residual Multivariate EWMA control charts with variable VSSIs. 

Additionally, several researchers have applied the Taguchi loss function approach in 

designing control charts (Yu and Chen, 2009; Amiri et al., 2024; Huang, 2023). Taguchi's loss 

function considers the loss incurred as a result of deviating from the target value. The greater 

the deviation from the target value, the greater the loss incurred and imposed on society. This 

aligns with the primary principle of the Six Sigma methodology, which is to minimize 

deviations from the target value (Yu and Chen, 2009). To the best of our knowledge, the 

statistically constrained economic design of a VSSI X-bar control chart considering the Taguchi 

loss function has rarely been considered in the literature. In this paper, we develop a statistically 

constrained economic design for a VSSI X-bar control chart based on the statistical measures 

AATS and ANF, as well as the economic measure of hourly cost. 

The remainder of this paper is organized as follows. In section 2, the Taguchi loss function 

is introduced. The VSSI control chart is developed in Section 3. Section 4 describes the 

proposed solution algorithm. In Section 5, an illustrative example is given, and a comparison 

with the FRS scheme is investigated in Section 6. Our concluding remarks are provided in the 

final section. 

Theoretical Foundations and Research Background 

From Taguchi's perspective, the loss incurred by a product is associated with any deviation of 

a quality characteristic from its target value. The purpose of a loss function is to reflect the 

economic loss related to variations in and deviations from the process target or the target value 

of a product characteristic. Reduction in the dispersion of the distribution around the target 

value is equivalent to lower loss and higher quality. Jiao and Helo (2008) studied an 

optimization design of a CUSUM control chart based on Taguchi's loss function. Yu and Chen, 

(2009) proposed an economic statistical design of X-bar control charts using Taguchi loss 

functions. Niaki et al. (2010) studied the economic-statistical designs of multivariate EWMA 

control charts using the multivariate Taguchi loss approach. Safaei et al. (2012) studied a multi-

objective model of the economic statistical design of the X-bar control chart, incorporating the 

Taguchi loss function and intangible external costs. Amiri et al. (2014) considered the Taguchi 

loss function for the economic-statistical design of an adaptive X-bar control chart. 

Furthermore, Huang (2023) developed an economical design of the Max chart based on a 

unified model and embellished it with Taguchi's quality loss function. In this paper, the Taguchi 



   

 
Statistically Constrained Economic Design of a VSSI X-bar Control Chart Considering Taguchi Loss Function  

 

59 

loss function is considered as L(X) = K (X - T)2, where X is a key quality characteristic, K is a 

positive coefficient, and T is the target. Suppose the specification limits for a quality 

characteristic are T ± Δ, and it costs A to rework or scrap one unit of the product. The coefficient 

K of the loss function can then be stated as K = A / Δ2 (Amiri et al., 2014). 

When the process is in control, the mean and variance of X are μ0 and σ02, respectively. 

Suppose the probability density function of the quality characteristic denoted by denoted by 

f(x) follows N (μ0, σ02). It is desired for the target value (T) to be equal to the in-control mean 

μ0. However, if μ0 differs from the target value T, a fixed bias affects all manufactured items. 

Then, the expected quality cost per unit of the product when the process is in control, J0, is 

given in Equation (1) (Safaei et al., 2012). 
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2 2
0 0
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When an assignable cause occurs, the out-of-control process mean will be μ1 = μ0 + δσ0, 

and the expected quality cost per unit when the process shifts to an out-of-control state, J1, is 
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(2) 

VSSI scheme 

To monitor a process using a control chart, the values of four parameters must be determined: 

the sample size (n), the sampling interval (h), the warning limits coefficient (w), and the control 

limits coefficient (k). Usually, two sampling intervals, h2 < h1, and two sample sizes, n1 < n2, 

are used. The size of the sample and the sampling interval are established based on the position 

of the current sampling statistic on the chart. In this regard, if the current sample mean falls in 

the warning region, the design (n2, h2, k, w) should be used for the next sample. Alternatively, 

if the current sample point falls in the central region, the chart design (n1, h1, k, w) should be 

employed for the next sample. 

Adjusted average time from the process mean shift until the chart produces a signal (AATS) 

is the statistical measure to determine how fast a control chart detects a process mean shift. 

Moreover, the average time of the cycle (ATC) is the average time from the start of the 

production till the first signal after the process shift. If the assignable cause occurs according to 

an exponential distribution with parameter λ, then the expected time interval that the process 

remains in control is 1/λ. The memoryless property of the exponential distribution allows the 

computation of the ATC using the Markov chain approach (Pourtaheri, 2021). Hence, AATS 

can be determined using Equation (3). 

 
1

AATS ATC


= −
 

(3) 
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Moreover, in the VSSI scheme, when n1 = n2 = n and h2 < h1 then the VSSI X-bar chart 

simplifies to the VSI X-bar chart. When n1 < n < n2 and h1 = h2 = h, the VSSI X-bar chart 

reduces to the VSS X-bar chart. 

Markov chain approach 

According to the VSSI scheme, at each sampling stage, one of the following transient states is 

met, depending on the process status (in-control or out-of-control), sample size (small or large), 

and sampling interval (short or long). Faraz and Saniga (2011) provided some unifying 

definitions of the Markov chain approach in designing adaptive control charts. The process 

states could be defined as follows. The process is in state one if the current sample point falls 

in the central region if the process is in control. 

State 1: wZ ||  and the process is in control; 

State 2: kw  |Z|  and the process is in control;   

State 3: w|Z| and the process is out of control;  

State 4: kw  |Z|  and the process is out of control; 

If a sample statistic falls in the action region at the time of sampling,, i.e., k|Z| , when the 

process is out of control, then an actual alarm is signaled, and the absorbing state, i.e. state 5, is 

reached. To model the VSSI scheme using a Markov chain approach, the transition probabilities 

pij should be defined, where i and j denote the prior and current states, respectively. The 

transition probability matrix is given as follows (Faraz and Saniga, 2011; Rafiei et al., 2023). 
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and Ф( ) is the cumulative probability distribution function of a standard normal random 

variable. In addition, Y  N(μ, σ2) denotes that  is a normally distributed random variable with 

mean μ and variance σ2. 

The product of the average number of instances a transient state is reached and the 

corresponding sampling interval determines the period ATC (Amiri et al., 2014; Faraz and 

Saniga, 2011). 

 

ATC −= − 1b (I Q) h  (6) 

 

where I is the identity matrix of order four; )0,0,,( 1211 pp=b  is a vector of initial. In this 

paper, the vector b  is set to (0, 1, 0, 0) to provide extra protection and prevent problems that 
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may arise during start-up. The matrix Q  is the transition matrix without the elements associated 

with the absorbing state. Vector 1 2 2 1( , , , )h h h h =h  the vector of sampling intervals 

corresponding to the transient states. The average number of sampled items in the VSSI scheme 

is calculated using (Amiri et al., 2014; Faraz and Saniga, 2011): 

 
ANI −= − 1b (I Q) η  (7) 

 

where, 1 2 2 1( , , , )n n n n=η'  is the vector of sample sizes corresponding to the transition states. 

(Faraz and Saniga, 2011), as well as others (Amiri et al., 2014), state that a meaningful 

comparison can be made between FRS and VSSI charts when the in-control performances of 

the charts are approximately the same. Hence, the same average number of items should be 

inspected during the in-control period for both schemes. Considering Markov chain properties, 

(Faraz and Saniga, 2011) calculated ANI as follows for the VSSI scheme. 

 

1 2( , ,0,0)ANI n n−= − 1b (I Q)  (8) 

 

The expected number of false alarms per cycle is given in Equation (9) (Faraz and Saniga, 

2011). 

 
ANF −= − 1b (I Q) f  (9) 

 

where ( , ,0,0) =f  is the vector of false alarm probabilities in each transition state, and   

is the probability of type I error when the chart has design parameters (ni, hi, k, w). When a 

false alarm is detected, an investigation begins, which reveals the nature of the alarm and allows 

the process to return to its in-control condition. Thus, the probability of a transition thereafter 

to any of the states equals the respective likelihood of states 1 and 2, as if no alarm had been 

generated. For the same reason, even if the signal reveals an actual occurrence of the assignable 

cause, the assignable cause will be immediately removed, and the process will then resume its 

in-control operation. Consequently, the probability of a transition to any state equals the 

respective likelihood of states 1 and 2 as if no cause had occurred. Finally, the product of the 

average number of instances a transient state has been reached and the corresponding false 

alarm rate determines the average number of false alarms. 

Cost Model 

Following the renewal reward process assumption, the expected quality cost per hour is 

computed as the ratio of expected cost per cycle to the expected cycle time. A quality cycle 

consists of one period when the process is in control and two periods during an out of control 

state. The expected length of the quality cycle is calculated as follows (Amiri et al., 2014). 

 

0 1ET ATC T ANF T= +  +  (10) 

 

The component ET is composed of the in control portion (including interruptions for false 

alarms; T0 is the average time to search when the process is in control), and T1 is the time to 

locate and repair the process. 

The costs of producing nonconformities, whether the process is in control or out of control, 

as well as sampling and inspection costs, costs of false alarms, and costs of locating and 

repairing the assignable cause, are all elements of the expected cost per cycle. Each cost element 

is derived as follows (Amiri et al., 2022). 
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0 1 0(1/ ) ( )EC C C AATS s ANI f ANF W= +  +  +  +  (11) 

 

where, s is the sampling cost, f0 is the cost of a false alarm, and W is the cost to locate and 

repair the process.  

Moreover, C0 and C1 represent the expected costs of producing non-conformities when the 

process is in control and out of control, respectively. If p units are produced per hour, C0 and 

C1 in the cost function (according to equations (1) and (2)) can be computed as C0 = J0p and 

C1=J1p. The expected cost per hour incurred by the process can be obtained as (Rafiei and 

Asadzadeh, 2022; Rafiei et al., 2023). 

 
EC

EA
ET

=
 

(12) 

 

In the economic-statistical design of the X-bar control chart VSSI scheme, the design vector 

is (n1, n2, h1, h2, k, w). The objective is to find a design vector that minimizes EA subject to 

some constraints. Hence, the optimization problem is defined as follows. 

 

1 2 1 2

min 2 1 max
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1 2 max
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
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(13) 

 

In the optimization model, the constraint ANF  ANFM is added to provide the best 

protection against false alarms and AATS  AATSM is added to detect process shifts as quickly 

as possible. 

The minimum and maximum values of possible sampling intervals between successive 

samples, minh  and maxh  are added to make the chart more practical. In this research, the values 

of hmin = 0.1 and hmax = 8 are used. Such intervals are also recommended by other researchers 

(Faraz and Saniga, 2011). Because the sampling intervals less than 0.1 and greater than 8 hours 

may be awkward in a work shift. 

Solution Algorithm 

The economic-statistical optimization model features both discrete and continuous decision 

variables, and genetic algorithm (GA) is employed in several research publications to optimize 

this problem (Rafiei and Asadzadeh, 2022; Xue et al., 2025; Amiri et al., 2014). The objective 

of GA is to obtain a globally optimum solution. GA starts to generate a new generation or 

population using a collection of small possible solutions in a parallel process. The quality of 

the solutions presented by GA depends on GA parameters. GA parameters are population Size 

(Npop), crossover (CP), number of elites (NE), number of generations (GN), and mutation rate. 

GA and the key parameters which should be determined at the beginning of the algorithm and 

should be used while applying the algorithm are described in the following steps: 
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1. GA starts to work using some possible initial solutions named “Initial Population.” Each 

population has Npop chromosomes, which are produced from the solution. In this 

research, each chromosome consists of five genes; each representing a decision variable. 

The decision variable of the model includes (n1, n2, h1, h2, k, w). 

2. The population will be evaluated based on the cost function and statistical constraints. 

The best chromosomes will be selected for crossover purposes. Chromosomes imported 

from the evaluation step will serve as inputs to the crossover operation, with a crossover 

fraction (CF) set to 0.5 (this value was determined using a Taguchi orthogonal array). 

3. The elitism operator is a method for maintaining the best chromosomes of each 

generation. Elites of each generation will be transferred directly to the next generation 

to prevent the loss of the best chromosomes. 

4. A mutation operator is employed to prevent GA from converging into a local optimum 

value. Selected chromosomes for mutation are not among the best of each generation. 

5. After the mutation, the cost function and statistical constraints for each chromosome 

will be calculated. Then, the chromosomes will be ranked. The stopping criterion, the 

number of iterations in the algorithm, will be investigated, and the loop will continue 

until an optimized solution is achieved. 

In the algorithm developed in this research, the mutation rate is considered a linear 

combination of the other parameters. The optimized values for four GA parameters are 

determined using the Taguchi orthogonal array. An L9 orthogonal array will consider nine 

combinations of control parameters at three different levels. Table (1) shows the value for each 

of the parameters. 

Table 1. Levels for each of the model parameters 

Parameter Range Level 1 Level 2 Level 3 

Population size (
popN

) 
100 – 900 100 500 900 

Crossover Fraction (CF) 0.1 – 0.9 0.1 0.50 0.90 

Number of Elites (NE) 4 – 10 4 6 10 

Number of Generations (NG) 50 – 150 50 100 150 

 

The algorithm was iterated three times (Y1, Y2, and Y3) for each level, and results were 

obtained by running the algorithm 27 times in total. Since the objective function is to minimize, 

the smallest signal-to-noise ratio (SNR) is calculated to evaluate the experimental results. 
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(14) 

 

In equation (14), r is the number of replicates for each level. Solution and SN values for each 

level of parameters are tabulated in Table (2). The sum of the SN ratio for each of the three 

levels of the GA parameters is shown in Table (3). An optimized combination of four GA 

parameters, Npop = 900, CF = 0.5, NE = 6, and NG = 100, is recommended based on the 

maximum SN value for each parameter level. 

Table 2. The objective values for each levels of GA parameters 

Runs popN
 

CF NE NG Y1 Y2 Y3 SN 

1 100 0.10 2 50 116.838 116.869 116.838 -41.3525 

2 100 0.50 6 100 116.810 116.815 116.797 -41.3494 
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3 100 0.90 10 150 116.823 116.858 116.823 -41.3514 

4 500 0.10 6 150 116.836 116.797 116.797 -41.3496 

5 500 0.50 10 50 116.810 116.798 116.810 -41.3493 

6 500 0.90 2 100 116.810 116.810 116.810 -41.3496 

7 900 0.10 10 100 116.798 116.797 116.797 -41.3487 

8 900 0.50 2 150 116.797 116.810 116.797 -41.3489 

9 900 0.90 6 50 116.798 116.810 116.810 -41.3493 

 

Table 3. The sum of SN ratio for each level of GA parameters 

 Npop CF NE NG 

Level 1 -124.0533 -124.0507 -124.0510 -124.0511 

Level 2 -124.0485 -124.0476* -124.0483* -124.0476* 

Level 3 -124.0469* -124.0503 -124.0494 -124.0499 

*largest sum of SN ratio for each parameter within different levels [15] 

 

Numerical Analysis 

To illustrate the application of the developed VSSI X-bar control chart, a numerical analysis is 

performed. The logical ranges for each of the control chart parameters, including sample size, 

sampling interval, and control limit coefficient, are considered to be [1, 30], [0.1, 8], and [1, 5], 

respectively. Cost and process parameters are defined as sampling cost s = $5, cost of detecting 

a reasonable deviation, W = $1000, cost of a false signal, f0 = $1500, the average time to search 

for the false signal is T0 = 5 hour, the average time to detect deviations and modify the process 

is T1 = 2 hours, and process mean increases by 1.5 standard deviations (δ = 1.5). 

Additionally, the quadratic loss function coefficient is set to K = 1. The actual process 

average equals the characteristic’s target value, and the process variance is σ02 = 1. The average 

process in-control period is equal to 100. If the production rate is equal to Pr = 100 units per 

hour, the production cost for each defective product, whether the process is in control or out of 

control is equal to C0 = 100J0 and C1 = 100J1, respectively. 

The optimal parameters for fixed ratio sampling are (n, h, k)FRS = (6, 5, 2.71), which yields 

a cost of 122.09$ per hour, as well as ANFFRS = 0.14 and AATSFRS = 3.52 hours. Similarly, 

the optimal parameters for the economic-statistical design of the VSSI scheme are obtained as 

n1 = 3, n2 = 6, h1 = 3.75, h2 = 0.1, k = 3.49 and w = 1.50, giving the minimum cost per hour 

equal to $118.90, ANFVSSI = 0.02 and AATSVSSI = 2.69 hours. 

Comparison of the adaptive schemes to the FRS scheme proves the efficiency of the 

proposed model. There is a 2.6% reduction in cost when the VSSI scheme is used. Furthermore, 

the average number of false signals is decreased. The AATSFRS of 3.52 hours is improved to 

AATSVSSI of 2.69 hours, indicating a 23.58% improvement. Given that a control chart may 

be designed to detect a variety of shift sizes in the process mean, other shift sizes are also 

examined. 

Comparisons 

In this section, the effect of shifts δ  {0.5, 1.0, 1.5, 2.0, 2.5} in the process mean will be 

evaluated. To provide a fair comparison of FRS charts and variable ratios charts, statistical 

constraints ANF  ANFM and AATS  AATSM are removed in the computations of different 

schemes. 

The optimum values for FRS, VSS, VSI, and VSSI schemes have been evaluated for 

different process mean shift sizes. The effect of the process mean shift on the optimum values 

of FRS and different adaptive schemes are summarized in Tables (4) to (7). As it is shown in 

Table (4), the corresponding cost for small process mean shifts is less than the cost for larger 
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shift values. However, the proposed model offers better AATS for lager shift values which 

results in the early identification of the assignable causes. 

Table 4. Optimum solution of the VSSI scheme 

δ n1 n2 h1 h2 k w ANF AATS EA 

0.5 1 22 8.00 8.00 2.65 1.20 0.11 44.23 116.80 

1.0 4 10 6.64 0.10 3.27 1.30 0.02 6.17 118.30 

1.5 3 6 3.75 0.10 3.49 1.50 0.02 2.69 118.90 

2.0 2 4 2.27 0.10 3.61 1.61 0.02 1.56 119.36 

2.5 1 3 1.24 0.10 3.75 1.61 0.02 1.02 119.56 

 

Table 5. Optimum solutions of FRS scheme 

δ n h k ANF AATS EA 

0.5 6 8.00 2.31 0.27 53.53 117.85 

1.0 10 8.00 2.53 0.15 6.91 120.89 

1.5 6 4.99 2.71 0.14 3.53 122.09 

2.0 4 3.04 2.91 0.12 2.01 122.89 

2.5 3 2.12 3.08 0.10 1.31 123.46 

 

Table 6. Optimum solutions of the VSI scheme 

δ n1 n2 h1 h2 k w ANF AATS EA 

0.5 6 6 8.00 8.00 2.31 1.39 0.27 53.53 117.85 

1.0 7 7 8.00 0.10 2.93 1.28 0.06 5.96 118.96 

1.5 4 4 4.48 0.10 3.16 1.36 0.04 2.88 119.61 

2.0 3 3 2.85 0.10 3.37 1.61 0.03 1.67 120.32 

2.5 2 2 1.86 0.10 3.43 1.64 0.04 1.10 120.69 

 

Table 7. Optimum solution of the VSS scheme 

δ n1 n2 h1 h2 k w ANF AATS EA 

0.5 2 23 8.00 8.00 2.66 1.30 0.10 42.72 116.81 

1.0 8 13 8.00 8.00 2.56 1.47 0.14 7.49 120.61 

1.5 6 8 5.03 5.03 2.77 1.87 0.11 3.49 121.98 

2.0 4 5 3.05 3.05 2.95 2.03 0.11 2.00 122.80 

2.5 3 4 2.12 2.12 3.12 2.35 0.09 1.31 123.41 

 

The optimum cost and AATS for different shift sizes in the process mean are shown in Figure 

(1) and Figure (2), respectively. Within the variable sampling schemes, VSS has the closest 

performance to the FRS scheme. Comparisons of different schemes indicate that the optimum 

solution for the VSSI scheme is always better than the other scheme from both cost and 

statistical viewpoints. 
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Figure 1. Comparison of cost in FRS and Variable ratio schemes 
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Figure 2. Comparison of AATS index of FRS and Variable ratio schemes 

 

Conclusions 

In this paper, variable sample size and variable sampling interval X-bar control charts are 

developed to monitor the process mean. Additionally, the relationship between process 

monitoring costs and deviations from the target value specified in technical specifications was 

incorporated into the model using the Taguchi quality loss function. Assessment of the 

optimized solutions reveals that changes in the shift size of the process mean impact both the 

average expected cost and the average time of an out-of-control alarm. The results of comparing 

variable sampling ratio with fixed sampling ratio schemes show that the proposed models 

identify the assignable cause sooner than the FRS scheme and are better in both expected cost 

of quality cycle and statistical performance. The interesting area worthy of continued research 

efforts includes the economic-statistical design of various VSSI charts in the presence of both 

fixed and variable competing risks. Furthermore, the economic and economic-statistical 

performances of various VSSI charts, such as EWMA and CUSUM, can also be studied in 

sensitive areas, including healthcare. 
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